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SUMMARY 
A g e n e r a l  scheme f o r  a m u l t i s t a g e  p r o c e s s  o f  n e t w o r k  f o r m a t i o n  i s  

f o r m u l a t e d  in  which  t h e  G a l t o n - W a t s o n  or  u n i v e r s a l  c o n s i s t e n c y  r e l a t i o n  i s  
assumed t o  be v a l i d .  The scheme i s  e l a b o r a t e d  w l t h  t h e  t h e o r y  o f  b r a n c h i n g  
p r o c e s s e s  w i t h  c a s c a d e  s u b s t i t u t i o n .  C y c l i z a t i o n  i s  p o s t u l a t e d  n o t  t o  
o c c u r ,  s u b s t i t u t i o n  e f f e c t s  a r e  a l l o w e d  and can be i n c o r p o r a t e d  in  t h e  p r o -  
b a b i l i t y  g e n e r a t i n g  f u n c t i o n s  ( p g f ) .  

INTRODUCTION 
R e c e n t  a d v a n c e s  i n  t h e  d e v e l o p m e n t  o f  t h e  s t a t i s t i c a l  t h e o r l e s  o f  

b r a n c h i n g  p r o c e s s e s  have made i t  p o s s i b l e  t o  t r e a t  a number o f  complex  
c r o s s l i n k i n g  p r o c e s s e s  which  a r e  o f  t e c h n o l o g i c a l  i m p o r t a n c e .  These  p r o -  
c e s s e s  i n c l u d e  c u r i n g  o f  epoxy r e s i n s  ( 1 ) ,  f o r m a t i o n  o f  p o l y u r e t h a n e  n e t -  
works  i n c l u d i n g  p o s s i b l e  s i d e  r e a c t i o n s  ( 2 , 3 ) ,  c r o s s l t n k i n g  o f  f u n c t i o n a l  
p o l y d i m e t h y l s i l o x a n e s  (4) and o f  u r e a - f o r m a l d e h y d e  c o a t i n g s  ( 5 ) .  

T e c h n o l o g i c a l l y  v e r y  i m p o r t a n t  a r e  m u l t i s t a g e  p r o c e s s e s  i n  wh ich  p r e -  
p o l y m e r s  a r e  fo rmed  in  one o r  s e v e r a l  s t a g e s ,  upon which  a n e t w o rk  i s  
o b t a i n e d  by c r o s s l i n k i n g  t h e  f u n c t i o n a l  p r e p o l y m e r s .  A l t e r n a t i v e l y ,  a n e t -  
work fo rmed  in  an i n t e r m e d i a t e  s t a g e  can be f u r t h e r  m o d i f i e d .  

In  t h i s  c o n t r i b u t i o n  a method i s  f o r m u l a t e d  t o  d e s c r i b e  such  a 
m u l t i s t a g e  p r o c e s s .  The method i s  b a s e d  on t h e  s t a t i s t i c a l  t h e o r y  w i t h  
c a s c a d e  s u b s i t u t i o n .  However,  i t  i s  n o t  l i m i t e d  t o  t h e  s t a t i s t i c a l  t h e o r y  
b e c a u s e  a l s o  s t a g e s  t r e a t e d  by t h e  k i n e t i c  method can be i n c l u d e d .  

APPLICABILITY OF THE STATISTICAL THEORIES 
B e f o r e  we t r e a t  t h e  g e n e r a l  scheme o f  a m u l t i s t a g e  p r o c e s s  o f  n e t w o r k  

f o r m a t i o n  i t  i s  n e c e s s a r y  t o  a n a l y s e  t h e  a p p l i c a b i l i t y  o f  t h e  s t a t i s t i c a l  
t h e o r i e s  t o  r e a l  s y s t e m s  ( c f .  a l s o  Re f .  6 ) .  Th i s  a p p l i c a b i l i t y  i s  l i m i t e d  
t o  s i t u a t i o n s  where  no l o n g - r a n g e  c o r r e l a t i o n s  a r e  o p e r a t i v e .  The l o n g -  
r a n g e  c o r r e l a t i o n s  may be due to  a s p e c i f i c  r e a c t i o n  mechanism such  as  t h e  
s u b s t i t u t i o n  e f f e c t  (7) o r  i n i t i a t e d  p o l y r e a c t i o n s  ( 8 ) .  I f  t h e  s u b s t i t u t i o n  
e f f e c t  i s  o p e r a t i v e  i n  u n i t s  from which  t h e  n e t w o r k s  i s  b u l l t  up,  t h e  k i n e -  
t i c  method s h o u l d  be u s e d  and a p p l i c a t i o n  o f  t h e  s t a t i s t i c a l  t h e o r y  y i e l d s  
o n l y  a p p r o x i m a t e  r e s u l t s .  However,  i n  po lymer  c h e m i s t r y  t h e  l o n g - r a n g e  
c o r r e l a t i o n s  a r e  u s u a l l y  i n t e r r u p t e d  by g r o u p s  o f  i n d e p e n d e n t  r e a c t i v i t y  
and ,  c o n s e q u e n t l y ,  become s h o r t  r a n g e  ( 6 ) .  Thus,  b e f o r e  a p p l y i n g  a s t a -  
t i s t i c a l  t h e o r y  i t  ha s  t o  be r e a l i z e d  w h e t h e r  t h e  t r e a t m e n t  i s  r i g o r o u s  o r  
o n l y  y i e l d s  a good a p p r o x i m a t i o n .  The o t h e r  t y p e  o f  l o n g - r a n g e  c o r r e l a -  
t i o n s ,  c y c l t z a t t o n ,  i s  n o t  c o n s i d e r e d  h e r e .  

In t h e  b r a n c h i n g  t h e o r y  w i t h  c a s c a d e  s u b s t i t u t i o n ,  t h e  d i s t r i b u t i o n  o f  
u n i t s  d i f f e r i n g  i n  number and t y p e  o f  bonds  i n  which  t h e y  a r e  en g ag ed  i s  
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d e s c r i b e d  by a v e c t o r i a l  p r o b a b i l i t y  g e n e r a t i n g  f u n c t i o n  ( p g f )  ~ 0 ( ~ ) ,  where  
t h e  s u b s c r i p t  0 r e f e r s  t o  t h e  r o o t  o f  t h e  p r o b a b i l i t y  t r e e ,  s e e  e . g .  r e f s .  
( 1 , 9 ) .  I t s  component  FOX(~) i s  t h e  p g f  f o r  t h e  t y p e  and number o f  bonds  
i s s u i n g  from u n i t  X. The componen t s  o f  t h e  dummy v e c t o r  z ,  which  d i f f e r  i n  
t h e i r  s u b s c r i p t s ,  d e n o t e  t h e  v a r i o u s  t y p e s  of  b o n d s .  A n o t h e r  p g f ,  F ( z ) ,  
d e s c r i b e s  t h e  d i s t r i b u t i o n  o f  bonds  i s s u i n g  from a u n i t  i n  g e n e r a t i o n  g (g 
> 0) t o  u n i t s  i n  g e n e r a t i o n  g + l .  Th i s  pg f  c h a r a c t e r i z e s  t h e  p r o p a g a t i o n  
a b i l i t y  o f  t h e  s y s t e m  ( 1 , 9 ) .  

The f o r m u l a t i o n  o f  z and F ( z )  d e p e n d s  on w h e t h e r  t h e  f o r m a t i o n  o f  a 
new bond i s  i n f l u e n c e d  by t h e  t y p e  and s t a t e  o f  o t h e r  g ro u p s  in  t h e  same 
u n i t .  C o n s i d e r  t h e  f o l l o w i n g  example  o f  monomers X and Y: 

b d 

X u 

The p r o b a b i l i t y  o f  f o r m a t i o n  o f  a bond b e t w een  X i n  g e n e r a t i o n  g and X or  Y 
in  g e n e r a t i o n  g+l  depends  on t h e  t y p e  o f  g roup  X i s  c o n n e c t e d  w i t h  ( r o o t e d  
in )  i n  g e n e r a t i o n  g - l .  O b v i o u s l y ,  i f  X i s  r o o t e d  i n  t h e  g roup  b,  b c a n n o t  
t a k e  p a r t  i n  bond f o r m a t i o n  from X to  a u n i t  i n  g e n e r a t i o n  g + l .  A l s o ,  t h e  
p r o p a g a t i o n  a b i l i t y  depends  on w h e t h e r  t h e  bond e x t e n d s  t o  X or  Y. 
T h e r e f o r e ,  i n  m u l t i f u n c t i o n a l  s y s t e m s  i n v o l v i n g  u n i t s  w i t h  d i f f e r e n t  f u n c -  
t i o n a l  g r o u p s  and p o s s i b l y  f i r s t - s h e l l  s u b s t i t u t i o n  e f f e c t s  t h e  s u b s c r i p t s  
o f  z and F s h o u l d  s p e c i f y  t h e  p a s s a g e  from one u n i t  t o  a n o t h e r  by 
i d e n t i f y i n g  t h e  t y p e  o f  t h e  bond,  such  as  XacY, XbdY, XbbX, e t c . .  Thus,  we 
have i n  g e n e r a l :  z x i j Y  and Fx i jY(Z)  = N ( a F o y / a z Y j i X ) .  The s u b s c r i p t  o f  z 
means a p a s s a g e  from u n i t  X v i a  an i - j  bond to  u n i t  Y. FXIjY means t h e  p g f  
f o r  u n i t  Y r o o t e d  in  u n i t  X v i a  an j - i  bond ( s e e n  from u n i t  Y) and N i s  a 
n o r m a l i z e r .  

In  many s y s t e m s  s i m p l i f i c a t i o n s  a r e  p o s s i b l e .  For  i n s t a n c e ,  i f  e a c h  
monomer has  o n l y  one t y p e  o f  g roup ,  t h e  t y p e  o f  bond i s  d e t e r m i n e d  by t h e  
t y p e  o f  g rou p .  Moreover ,  i f  no s u b s t i t u t i o n  e f f e c t  i s  o p e r a t i v e ,  t h e  
G a l t o n - W a t s o n  or  u n i v e r s a l  c o n s i s t e n c y  r e l a t i o n  (9) b e t w e e n  F X and FOX 
(which  a v e r a g e s  t h e  p r o p a g a t i o n  a b i l i t y  o v e r  a l l  p o s s i b l e  s i t u a t i o n s ) :  

Fx(Z-) = ~i a F o x ( Z ) / S z i / [ ~ "  8Fox(Z)/az-  J ]z=-l" ( I )  

i s  r i g o r o u s .  I f  a s u b s t i t u t i o n  e f f e c t  e x i s t s  i n  one o f  t h e  monomers i n  an 
n - c o m p o n e n t  (n ~ 3) s y s t e m ,  t h e  d i s t r i b u t i o n  o f  t r i a d s  o b t a i n e d  f rom k i n e -  
t i c  d i f f e r e n t i a l  e q u a t i o n s  i s  r e q u i r e d  (10 ) .  However,  t h e  G a l t o n - W a t s o n  
f o r m u l a t i o n  a p p e a r s  t o  be a good a p p r o x i m a t i o n  f o r  a number of  s y s t e m s  w i t h  
s u b s t i t u t i o n  e f f e c t s .  

In  t h e  n e x t  p a r a g r a p h  we p r e s e n t  a g e n e r a l  scheme f o r  a m u l t i s t a g e  
p r o c e s s  o f  n e twork  f o r m a t i o n  In  which  t h e  G a l t o n - W a t s o n  f o r m u l a t i o n  i s  
assumed t o  be v a l i d .  Th i s  l i m i t a t i o n  i s  n o t  a r e q u i r e m e n t  b u t  k e e p s  t h e  
f o r m u l a e  r e l a t i v e l y  s i m p l e .  In p r i n c i p l e  t h e  more g e n e r a l  d e r i v a t i o n  can be 
made In  a s i m i l a r  way. In  a d d i t i o n ,  c y c l i z a t i o n  or  o t h e r  l o n g - r a n g e  s p a t i a l  
c o r r e l a t i o n s  a r e  p o s t u l a t e d  n o t  t o  o c c u r .  S u b s t i t u t i o n  e f f e c t s ,  however ,  
a r e  a l l o w e d  and can be i n c o r p o r a t e d  i n  t h e  p g f ' s .  
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SCHEME OF A MULTISTAGE PROCESS 
Let us consider a process for a multicomponent system in which the 

monomers are converted into the final network in several consecutive 
s t a g e s :  

s t a g e  

1 

components  

monomers 1 

~ l p r o d u c t s  1 

products 1 + monomers 2 

p r o d u c t s  2 

p r o d u c t s  f - 1  + monomers J 

p r o d u c t s  ~ 

We o n l y  c o n s i d e r  s i t u a t i o n s  in  which t h e  s t a t i s t i c a l  methods  a r e  v a l i d  
o r  y i e l d  a good a p p r o x i m a t i o n .  Our s t r a t e g y  i s  t h a t  t h e  p r o d u c t s  o f  s t a g e  i 
become b u i l d i n g  u n i t s  in  s t a g e  i+1 .  The m a t h e m a t i c s  a r e  s i m p l e r  when we 
assume t h a t  t h e  r e a c t i o n s  which were p o s s i b l e  i n  s t a g e  i a r e  no l o n g e r  
p o s s i b l e  i n  s t a g e  i+1 .  Th i s  i m p l i e s  t h a t  t h e  u n r e a c t e d  g roups  r e m a i n i n g  i n  
t h e  p r o d u c t s  o f  s t a g e  i may t a k e  p a r t  in  s u b s e q u e n t  r e a c t i o n s  in  t h e  n e x t  
s t a g e  w i t h  newly  added monomers. Throughou t  t h e  p r o c e s s ,  t r a c k  i s  b e i n g  
k e p t  o f  t h e  number and t y p e  o f  u n r e a c t e d  (= f r e e )  g roups  by i n t r o d u c i n g  
dummy v a r i a b l e s  f o r  t h e s e ,  c o l l e c t e d  in  t h e  pg f  v e c t o r  ~ f .  The c a l c u l a t l o n  
p r o c e d u r e  f o r  a m u l t i s t a g e  p r o c e s s  i s  as  f o l l o w s :  

STA6E 1 
We f o r m u l a t e  t h e  pgf  f o r  t h e  number o f  r e a c t e d  ( r e l a t e d  t o  v a r i a b l e  

z )  and u n r e a c t e d  ( r e l a t e d  t o  z f )  g roups  f o r  each  monomer X in  s t a g e  1 in  
t h e  z e r o t h  g e n e r a t i o n :  

(1)Fox(t, z f )  (1-1) 

and d e r i v e  t h e  pg f  f o r  u n i t  X in  t h e  s u b s e q u e n t  g e n e r a t i o n s  w i t h  ( 1 , 9 ) :  

( 1 ) F x ( ~ ,  ~ f )  = Z 8Fox(~,  ~f)/Bz,/[Z aFox(Z,  ~f)/aZj]z=l, ~ f = !  " (1-2)  
i ~ / j  - 
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Next, the mass fraction generating function (1)W(z, zf) is derived with 

= Z (1)mX (1)Wx(Z, zf) (1)W(z' If) X (1-3) 

where  e a c h  componen t  of  t h e  v e c t o r  ~ i s  r e p l a c e d  by t h e  s c a l a r  z s i n c e  we 
a r e  n o t  e x p l i c i t l y  i n t e r e s t e d  i n  t h e  d i s t r i b u t i o n  a c c o r d i n g  t o  t h e  t y p e  o f  
u n i t .  The mass  f r a c t i o n  o f  componen t  X i s  [1)mx and t h e  mass f r a c t i o n  
g e n e r a t i n g  f u n c t i o n  f o r  t h i s  componen t  i s  a e f i n e d  by 

M x 
(1)Wx(Z, zf) = z (1)Fox((1)u, zf) (1-4) 

in which the component (1)Uy of (1)u is given by the implicit relationship 

(1)Uy = z (1)Fy((1)u, zf) (1-5) 

Here, M x and My are the molecular masses of units X and Y, respectively, and 
the cascade substitution vector (1)u has the components (1)uy (the coef- 
ficients of z I in (1)WX m Z (1)ml z I are the mass fractions of molecules 
having a molecular mass equal to I). Subseyuently we want to convert 

~ I)W(z, Zf) into the number fraction generating function (1)N(z, zf), 
efined by 

= Z n x (1)Nx(Z, zf) (1)N(z' ~f) X 
(1-6) 

where n x represents the number or mole fraction of component X and 
NX(Z, zf) its number fraction generating function. This (1)N(z, zf) will 
be used to formulate the pgf for the next stage, in which the products of 
the first stage represent the building units. The transformation of W to N 
proceeds as follows: 

z (1)W(z' I ' ~f) 
(1)N(z' ~f) = (1)Mn 0 z' 

dz' (1-7) 

where  t h e  number  a v e r a g e  m o l e c u l a r  mass o f  t h e  p r o d u c t  o f  s t a g e  1, ( 1 ) ~ n ,  
i s  g i v e n  by 

Z n x M x 
X 

(1)Mn = 1 - E n x (1)Fox/2 
X 

(1-8) 

w i t h  

(1 )Fox  = [Z 8Fox( ~,  ~ f ) / ~ Z y ] z = 1 ,  ~ f = ~  ( 1 - 9 )  
Y 

Nex t ,  we c h e c k  w h e t h e r  t h e  c o n d i t i o n  f o r  g e l a t i o n  ha s  n o t  y e t  b e e n  
r e a c h e d ,  i . e .  w h e t h e r  eq.  ( 1 . 1 0 )  i s  s t i l l  v a l i d :  
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D = det I 6X I - FXi I < 0 (i-1o) 

w i t h  6X i = 1 f o r  i = X and z e r o  o t h e r w i s e  and 

i [aFx(Z ' 
FX = tf)/azi]t=i, tf=! 

(1-11) 

Finally, if we are below the gel point, we calculate the mass average 
molecular mass of the products of stage I with 

(1)~w = [s m x 8 X (1) wX(z' ~f)/SZ]z=l, tf=! (1-12) 

and t h e  number a v e r a g e  f r e e  f u n c t i o n a l i t y  o f  t y p e  i ,  ( 1 ) ~ n i  

(1) ~n i  = [~(1)  N(z '  ~f)/Szf i]z=1,  ~ f = !  (1-13) 

STAGE 2 
The p r o d u c t s  o f  s t a g e  1 a r e  s u b s e q u e n t l y  mixed w i t h  newly added mono- 

mers 2 in  s t a g e  2. T o g e t h e r  t h e y  a r e  r e l a t e d  to  t h e  components  o f  t h e  vec- 
t o r i a l  pg f  i n  s t a g e  2, (2)~0 .  For  t h e  p r o d u c t s  o f  s t a g e  1 t h e  pg f  r e a d s  

( 2 )Fop (~ ,  ~ f )  = (1)N(!, t f )  (2 -1 )  

where z and z f  a re  no t  the  same v e c t o r s  as i n  s tage  I because dummy 
v a r i a b l e s  f o r  t he  new components a re  added t o  z and ~ f ,  whereas those  f o r  
components wh ich  do no t  r e a c t  i n  t h i s  s tage  a re  removed f rom ~. 

Assume a r e a c t i o n  between t he  u n r e a c t e d  groups Y o f  p r o d u c t s  P w i t h  
t he  new ly  added monomers 2. We then  have t o  p e r f o r m  the  f o l l o w i n g  s u b s t i t u -  
t i o n  i n  Eq. ( 2 - 1 ) :  

Z f y  = (1 - (2)r  Z f y  + (2)ayK z K (2 -2 )  

where (2)aYK i s  t he  p a r t i a l  c o n v e r s i o n  o f  groups Y i n  s tage  2 y i e l d i n g  
bonds o f  t y p e  YK, and z K l s  t he  v a r i a b l e  f o r  t h e  new ly  added monomers 2 
( w i t h  eq. (2 -2 )  i t  l s  assumed t h a t  no s u b s t i t u t i o n  e f f e c t s  a re  p r e s e n t  i n  
t he  monomers w i t h  t he  Y g roups ;  i f  t hese  a re  p r e s e n t ,  a m o d i f i e d  cascade 
s u b s t i t u t i o n  i s  used) .  Nex t ,  we d e r i v e  t h e  o t h e r  components o f  (2)~0 and 
a l l  components o f  (2 )~  i n  t he  same way as has been done f o r  s tage  1. 
S u b s e q u e n t l y ,  t he  mass f r a c t i o n  g e n e r a t i n g  f u n c t i o n  (2)W(z, z f )  i s  d e r i v e d  
as f o r  s tage  1 bu t  w i t h  

Wp(Z, z f )  = (1)W(z, _zf) 

Up(Z, z f )  = K s (1 aZK - Kr ~ZK 
z=1, t f=!  

(2 -3 )  

(2-4) 

w i t h  

Zfy(uK) = (1 - (2)aYK) Zfy  + (2)aYK u K (2 -5 )  
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where the summations over K take into account the various types of monomers 
2 that react with unreacted groups of product P. Again, the Galton-Watson 
approximation has been used in formulating eq. (2-4). The number fraction 
generating function (2)N(z, zf) is derived in the same way as for stage 1. 
Again it can be checked whether or not the condition for gelation has been 
reached in stage 2. Subsequently the number and mass average molecular 
masses and the number average free functionalities can be calculated in a 
similar way as for stage 1, though of course all formulae become more 
COmplex. 

STAGE J 
The products of stage J-1 are mixed with newly added monomers t. The 

vectiorial pgf's (J)~O(~, ~f) and (j)F(z, zf) are derived in a similar way 
as for stage 2. The condition for gelation is checked with Eq. (1-12). If 
D > O, gelation occurs and the extinction probabilities are calculated by 
solving the set of coupled nonlinear equations: 

= (1)Fx((j)~) (J-l) (j)Vx 

The sol fraction is calculated with 

= E (j)m X (j)Fox(~=(j)~, ~f=!) (J-2) (1)Ws X 

The concentration of elastically active network chains depends on its defi- 
nition in the particular system, but this quantity can be derived from the 
following pgf: 

(j)TxIZ) = (j)FOX(~ =(j)~ + (! -(j)~)z, zf = l) (J-3) 

which contains the probabilities for the number of bonds having infinite 
continuation (i.e. ties) issuing from an X-unit in the zeroth generation. 
Other quantities of interest can also he derived in a routine way, see 
e.g. ref. (1). 

DISCUSSION 
The key transformations and operations in this scheme are the 

following: the unreacted functionalities in the generating functions are 
labelled and kept track of. They are transformed in the next reaction stage 
by making the substitution zf = (I - ~) zf + ~ z. In addition, the mass 
fraction generating function W(z) is converted into the number fraction 
generating function N(z) by integration of W(z)/z. N(z) and W(z) are used 
in the following stage to formulate the new pgf's. Later it will he shown 
that in a number of cases this conversion is possible by solving the 
integration analytically (ii). 

The procedure suggested here can also he used if in one or several 
steps a kinetic treatment is required. If the kinetic theory is applied, 
use can he made of the simplification mentioned before (8), which implies 
cutting the connections between reactive groups in such monomers that the 
reactivity of the groups becomes independent. Subsequently, the structures 
are generated from the resulting fragments. Finally, the broken connections 
are reformed in a random way. 
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